1 Cooperative beamforming in relay networks is considered, in which a source transmits to its destination with the help of a set of cooperating nodes. The source first transmits locally. The cooperating nodes that receive the source signal retransmit a weighted version of it in an amplify-and-forward (AF) fashion. Assuming knowledge of the second-order statistics of the channel state information, beamforming weights are determined so that the signal-to-noise ratio (SNR) at the destination is maximized subject to two different power constraints, i.e., a total (source and relay) power constraint, and individual relay power constraints. For the former constraint, the original problem is transformed into a problem of one variable, which can be solved via Newton's method. For the latter constraint, the original problem is transformed into a homogeneous quadratically constrained quadratic programming (QCQP) problem. In this case, it is shown that when the number of relays does not exceed three the global solution can always be constructed via semidefinite programming (SDP) relaxation and the matrix rank-one decomposition technique. For the cases in which the SDP relaxation does not generate a rank one solution, two methods are proposed to solve the problem: the first one is based on the coordinate descent method, and the second one transforms the QCQP problem into an infinity norm maximization problem in which a smooth finite norm approximation can lead to the solution using the augmented Lagrangian method.
I. INTRODUCTION
Cooperative beamforming (CB), also called distributed beamforming has attracted considerable research interest recently, due to its potential for improving communication reliability. One form of distributed beamforming, the so-called distributed transmit beamforming, is a form of cooperative communications in which a network of multiple transmitters cooperate to transmit a common message coherently to a Base Station (BS). The distributed transmit beamforming can provide energy efficiency and reasonable directional gain for ad hoc sensor networks [1] , [2] . The challenges and recent progress of distributed transmit beamforming are discussed in [3] . Another form of distributed beamforming is the distributed relay beamforming, in which a set of cooperating nodes act as a virtual antenna array and adjust their transmission weights to form a beam to the destination. This can result in diversity gains similar to those of multiple-antenna systems [7] , [10] . Various effective cooperation schemes have been proposed in the literature, such as amplify-and-forward (AF), decode-and-forward (DF) [4] , coded-cooperation [5] , and compress-and-forward [6] . The AF protocol, due to its simplicity, is of particular interest [10] .
In distributed relay beamforming, the objective is to determine source power and beamforming weights according to some optimality criterion. Existing results for this problem can be classified into those that rely on channel state information (CSI) availability at the relays [7] , [8] , [9] , and those that allow for channel uncertainly, i.e., that rely on statistics of CSI, such as the covariance of channel coefficients, or imperfect CSI feedback [10] , [11] , [12] , as opposed to explicit CSI. The latter class of techniques is particularly important because CSI is never perfectly known at the transmitter. This work picks up on some important results presented in [10] , in which a source transmits a signal to a destination with the assistance of a set of AF relay nodes In [10] , the problem of obtaining the beamforming weights so that the signal-to-noise ratio (SNR) at the destination is maximized subject to certain power constraints is considered, i.e., individual relay power constraints and a total power relay constraint. For the case of individual relay power constraints, a semidefinite programming (SDP) relaxation plus bisection search technique was proposed in [10] . When the SDP relaxation generates a rank-one solution, then this is the exact solution of the original problem; otherwise, the exact solution cannot be guaranteed, and the authors of [10] proposed a Gaussian random procedure (GRP) to search for an approximate solution based on the SDP relaxation solution. However, GRP is time-consuming and sometimes ineffective.
In this paper, we investigate the same scenario as in [10] , i.e., cooperative beamforming under the assumption that the second-order statistics of the channel state information (CSI) are available. The beamforming weights are determined so that the SNR at the destination is maximized subject to two June 1, 2010 DRAFT different power constraints: (i) a total (source plus relay) power constraint, and (ii) individual relay constraints. The differences of this work as compared to [10] , are the following.
• Our first kind of power constraint includes the source power as well as the power of the relays. In a wireless network all nodes have power constraints, therefore, placing a constraint on the source is more realistic. However, this results in a more difficult optimization problem. A similar constraint was also used in [13] . For this case, we transform the original problem into a problem of one variable, which can then be solved via Newton's method.
• The second kind of power constraint is exactly the same as that of [10] , but our work contributes new results and more efficient algorithms to reach the solution. In particular,
-We show that when the number of relays does not exceed three, the global solution can always be constructed via SDP relaxation and the matrix rank-one decomposition technique.
-For the case in which the SDP relaxation solution has rank greater than one, we propose two methods to obtain an approximate solution that is more effective than the Gaussian random procedure employed in [10] . The first method is based on the coordinate descent method. The second method transforms the original problem into an infinity norm maximization problem, for which a smooth finite norm approximation results in a solution using the augmented Lagrangian method.
• For both types of constraints, we obtain exact solutions for the special cases in which the channel coefficients between different node pairs are uncorrelated and follow a Rayleigh fading model. These cases were not discussed in [10] .
The remainder of the paper is organized as follows. The mathematical model is introduced in §II.
In §III, the SNR maximization subject to a total power constraint is presented. The SNR maximization subject to individual relay power constraints is developed in Section §IV. Numerical results are presented in §V to illustrate the proposed algorithms. Finally, §VI provides concluding remarks.
A. Notation
Upper case and lower case bold symbols denote matrices and vectors, respectively. Superscripts * , T and † denote respectively conjugate, transposition and conjugate transposition. |·| denotes the amplitude of a complex number. det(A) and Tr(A) denote determinant and trace of matrix A, respectively. λ min (A) and λ max (A) denote the smallest and largest eigenvalues of A, respectively. A 0 and A ≻ 0 mean that matrix A is Hermitian positive semidefinite, and positive definite, respectively. A B denotes that A − B is a positive semidefinite matrix. rank(A) denotes the rank of matrix A. diag(v) denotes a diagonal matrix with diagonal entries consisting of the elements of v. a denotes Euclidean norm of vector a. I n denotes the identity matrix of order n (the subscript is dropped when the dimension is obvious). E(·) denotes expectation.
... 
II. SYSTEM MODEL AND PROBLEM STATEMENT
The system model is the same as in [10] and is depicted in Fig. 1 . It consists of a source node, a destination node and N relay nodes, each node equipped with a single antenna. The source transmits signals to the destination with the help of relay nodes. We assume that the direct link between the source and destination is very weak and thus ignored. The channel gains from the source to the ith relay, and from the ith relay to the destination, are denoted respectively by f i and g i .
Communication between source and destination occurs in two stages (slots). During the first stage, the source broadcasts its signal to the relays. During the second stage, the relays working in AF fashion transmit a weighted version of the signal that they received during the first stage. Let √ P s s be the source signal, where P s is the source transmit power and s is the information symbol with E(|s| 2 ) = 1. The received signal at the ith relay is given by
where v i represents the noise at the ith relay having zero mean and variance σ 2 . The ith relay weights the received signal and transmits z i = w i x i where w i is the weight. The received signal at the destination
where ν is the noise at the destination having zero mean and variance σ 2 .
Let us assume that the second-order statistics of the channel gains f i 's and g i 's are known. We also assume that f i and g j , ∀i, j are statistically independent. Define
and
In general, Q and R are full matrices. In case of uncorrelated Rayleigh fading, in holds that E(f * i f j ) = 0, and E(g * i g j ) = 0, ∀i = j, in which case R and Q both are diagonal. From (2), the signal component power is given by
and the total noise power P n equals
The SNR at the destination is given by
The total relay transmit power and transmit power at the ith relay are respectively given by
where D ii is the (i, i)th entry of D.
Our goal in this paper is to determine the beamforming weights w i 's such that Γ d is maximized subject to certain power constraints. In this paper, we consider two kinds of power constraints. The first kind corresponds to the case in which the total power of the source and all relays is constrained, i.e.,
where P 0 is the maximum allowable total transmit power of the source and all relays. The second kind is the individual relay power constraints in which each relay node is restricted in its transmit power, i.e, P r,i ≤ P i (10) where P i is the maximum allowable transmit power of the ith relay.
III. SNR MAXIMIZATION UNDER TOTAL POWER CONSTRAINT
From (6) and (9), the SNR maximization problem subject to a total power constraint is expressed as
We give the following lemma, the proof of which can be found in Appendix A.
Lemma 1: Let P • s be the solution of the following
where
Let w • be the eigenvector associated with the smallest eigenvalue of
is the solution to the problem of (11) .
Remarks: Here we assume that R ≻ 0. If R ⊁ 0, the methodology is similar. In fact, from Appendix A, the problem of (11) is also equivalent to
A similar procedure can be used to solve the above problem.
Let us normalize P s by letting x = P s /P 0 , 0 ≤ x ≤ 1. With this, the problem of (12) is equivalent to
A. S 1 and S 2 are both diagonal
In case of uncorrelated Rayleigh fading, R and Q are diagonal matrices. Then, S 1 and S 2 are both diagonal, and as it will be shown next the exact solution can be obtained analytically.
By denoting the (k, k)-th entry of S 1 and S 2 as a k and b k , respectively, the problem of (16) becomes
The above minimum is attained for
B. S 1 or S 2 is not diagonal
The optimal x of (16) lies in [x l , x u ] where
where c = λ min (S −1/2 1
The proof is given in Appendix B.
From Lemma 2, to solve the problem of (16) is equivalent to solving the problem of
The objective in (22) is in general not a convex function over [x l , x u ]. We will use Newton's method to search for the stationary points. Let us start by denoting
Note that G(x) depends smoothly on x ∈ [x l , x u ] as any order derivative of G(x) exists. We assume that
. This is a reasonable assumption for general S 1 and S 2 (see [14] , [15, §4] ). Under this assumption, λ min (G(x)) also depends smoothly on
. Firstand second-order necessary conditions for x to be a local minimizer are respectively [31, Theorem 2.2,
If (25) 
In the iteration expression (26), we need to calculate the first-and second-order derivatives of
the eigenvectors associated with the other eigenvalues λ k (x) of G(x), respectively, where
The first-and second-order derivatives of λ min (G(x)) (the so-called Hadamard first variation formula and Hadamard second variation formula [15, §4] ) are respectively given by [16] ,
IV. SNR MAXIMIZATION UNDER INDIVIDUAL RELAY POWER CONSTRAINTS
From (6) and (10), the SNR maximization problem subject to individual relay power constraints is expressed as
The problem of (31) belongs to the class of quadratically constrained fractional programs. In [10] , this problem was analyzed and an SDP relaxation plus bisection search technique was
proposed. Here, we first consider the case of uncorrelated Rayleigh fading, and show that an exact solution can be obtained. Then, for the general fading case, we propose two methods that are more efficient than the search method of [10] . As it will be shown in the simulations section, the random search approach, in addition to being time consuming, can result in a noticeable performance gap as compared to the proposed approaches.
A. R and Q are both diagonal
By using the Dinkelbach-type method [18] , we introduce the following function:
The relation between F (t) and the problem of (31) is given in the following property [18] .
Property 1: (i) F (t) is strictly decreasing, and F (t) = 0 has a unique root, say t ⋆ ;
(ii) Let w ⋆ be the solution of (32) corresponding to t ⋆ . Then w ⋆ is also the solution of (31) with the largest objective value t ⋆ exactly.
According to Property 1, we aim to find t ⋆ and the associated w ⋆ , which is also the solution of (31).
To this end, by denoting the (k, k)th entry of R, Q as r k , q k , respectively, we rewrite
to get that
associated with the optimal
June 1, 2010 DRAFT To find the root of F (t) = 0, let us denote
and their rearrangementt 1 <t 2 < · · · <t N corresponding tor k ,q k ,P k , andD kk , respectively. With these, we rewrite (34) as
Note that F (0) > 0 and F (t N ) = −t N < 0. Thus, it follows from Property 1 that 0 < t ⋆ <t N . The root t ⋆ is determined based on the following theorem, the proof of which is given in Appendix C.
Once t ⋆ is obtained, we can obtain w ⋆ from (35).
B. R or Q is not diagonal 1) Equivalent QCQP and SDP relaxation:
The problem of (31) is equivalent (up to scaling) to a QCQP, as stated in the following lemma. The proof of the lemma is given in Appendix D.
Lemma 3:
Let w • be the solution of the following homogeneous QCQP problem:
and J k is a matrix with all zero entries except for the (k, k)th entry one. Let
Then 1 √ η w • is the solution to the problem of (31) . Remarks: In fact, Lemma 3 states that the QCQP of (40) and the problem of (31) are equivalent up to scaling. June 1, 2010 DRAFT Note that the constraint in (40) is convex but the objective is concave. Thus, the problem of (40) is not a convex problem. In fact, this problem belongs to the class of problems involving maximization of convex functions over a convex set [19] .
The SDP relaxation is a popular method for QCQP problems. Let X = ww † , and we can write
With this, we can rewrite the problem of (40) as
Dropping the non-convex constraint rank(X) = 1, we obtain the SDP relaxation [30] 
The SDP of (44) a convex problem which can be effectively solved by CVX software [32] . Let X ⋆ be such a solution. Obviously, if X ⋆ has rank one, then it is the solution to the problem of (43) and hence generates the solution to the problem of (40). Otherwise, a search technique may be used to obtain the suboptimal solution of the original problem, e.g., the Gaussian random procedure (GRP) [10] . For general R and Q, the solution X ⋆ from CVX software does not necessarily have rank one (in fact, for general R and Q matrices, the SDP of (44) does not necessarily have a rank one solution). Some examples on the above claim will be given in the simulation section below.
The SDP relaxation problem of (44) has several advantages as compared to the SDP relaxation of [10] . First, it obtains the same objective value while avoiding the bisection search. Second, for N = 2, 3, it attains the global optimal solution in polynomial time. In other words, for N = 2, 3, one can ensure that the problem of (44) has a rank one solution. Moreover, one can construct a rank one solution from any non rank one X ⋆ in polynomial time. In fact, for N = 2, 3, the problem has been solved using the complex matrix rank-one decomposition [20, Theorem 2.1], as stated in the following theorem. [24] to directly deal with the original problem of (31) . Note that the constraints of the problem of (31) are some bounds for the elements of w, i.e., a Cartesian product of some closed convex sets (see [22, §2.7] ). The idea behind the coordinate descent method is the following. At each iteration, the objective is minimized with respect to one element of w while keeping the other elements fixed. The method is particularly attractive when the subproblem is easy to solve (e.g., there is a closed form solution) and also satisfies certain condition for convergence 2) For p = 1 : N , determine the optimal pth element while keeping the other elements fixed. This
In the following, we show that the subproblem stated in Step 2 has a closed form solution (see Theorem 3) and also study its convergence to a stationary point (see Theorem 4).
It is easy to verify that minimizing the objective with respect to the kth element of w while keeping the other elements fixed leads to the following optimization problem: 
Then
For the solution of (45) we give the following theorem, the proof of which can be found in Appendix F. 
(47)
such that |b 1 − t 2 b 2 | < (t 2 a 2 − a 1 )β, then the optimal y is given by
where θ 2 is the argument of
Remarks: The roots t 1 and t 2 in Theorem 3 can both be obtained in closed form.
For the coordinate descent method, obviously the function value sequence converges. However, in general additional conditions for convergence to a stationary point (or fixed point used in [24, §6] ) are needed.
Theorem 4:
The sequence {w k } generated by Algorithm 1 converges globally to a stationary point.
Proof: Our proof is based on [22, Proposition 2.7.1] and its proof. Let us denote the objective in (31) as f (w). Letw = (w 1 , · · · ,w N ) be the limit point of the sequence {w k }. We first show 
for some v 1 = 0, ǫ 0 > 0. But from Theorem 3, (50) does not hold for any
is not a constant. Thus, (49) holds. Similarly, we show
for j = 1, · · · , N . This completes the proof.
3) p-norm approximation:
If the solution X ⋆ from the CVX software has rank greater than one, we can also use p-norm approximation plus an augmented Lagrangian method to solve the problem of (40).
The convergence of the augmented Lagrangian method can be found in [31] . First, we can show that the problem of (40) is equivalent (up to scaling) to
To see why this is the case, let w ⋆ be the solution to the problem of (52) associated with the optimal objective value max k∈I w ⋆ † A k w ⋆ = C. Then,
w ⋆ is the solution to the problem of (40) associated with optimal objective value (
Otherwise, let us assume that the solution to the problem of (40) is w ′ with
w ′ satisfies w ′ † Rw ′ = 1 and
This contradicts the optimality of w ⋆ for the problem of (52). In fact, the two problems are equivalent up to scaling.
1 , we rewrite the problem of (52) as
where u ∞ = max k∈I |u k | is the infinity norm. Note that u ∞ is not smooth [26] . However, we can approximate u ∞ by (smooth) p-norm, i.e., u p = ( k∈I |u k | p ) 1/p , so that [27] , [28] 
When p is sufficiently large, the approximation is good. In fact, from (55), it is easy to show that given a tolerance ε, the relative error does not exceed ε as long as p ≥ log N/ log(1 + ε). For example, for N = 10, ε = 1%, we get p ≥ 232; for N = 40, ε = 0.5%, we get p ≥ 740. Now, using u 2 2p , p ≥ 1 as a smooth approximation to u 2 ∞ , we turn to solve the following
We use the augmented Lagrangian method [31, §17] to solve the problem of (56). Since the augmented Lagrangian method was originally proposed for real variables, we first modify our problem as follows.
Define [25] 
where J k is defined in Lemma 3, and Re(·), Im(·) denote the real and imaginary part respectively, then
and u
With these, we rewrite the problem of (56) as
where φ p (z) is defined as the right hand side of (63).
Now we can apply the augmented Lagrangian method, given by
where λ is the Lagrangian multiplier, and the fourth term in the right hand side of (65) is the penalty function. The algorithm is described as follows:
1) Choose an initial estimate λ (0) of λ ⋆ and µ = 0.001. Set k = 1.
2) Determine z k to be a minimizer of L(z; λ (k−1) ; µ); 
) If a convergence test is satisfied, stop;
where β is chosen such that ∇ 2 L + βI is positive definite, e.g., β = λ min (∇ 2 L) + 10 −6 , and α is the step size determined by the backtracking line search described as follows [31, Algorithm 3.1]:
In the algorithm, we need to calculate ∇L and ∇ 2 L given by
The calculation of ∇φ p and ∇ 2 φ p is given in Appendix E.
Remarks: For the initial estimate λ (0) of λ ⋆ , note that when p = 1, then φ p (z) = z T z and λ ⋆ can be expressed in closed form as λ min (K −1/2 FK −1/2 + K −1 ). We choose this as λ (0) .
V. NUMERICAL RESULTS
In this section, we provide some examples illustrating the proposed algorithms. For more simulation results on beamforming itself the reader can refer to [10] . We consider a channel model as follows:
and g j =ḡ j + √ ϕ jgj (71) wheref i andḡ j are means, ψ i and ϕ j are variances,f i andg j both are zero-mean random variables with unit variance. We assume thatf i ,f j ,g i andg j , ∀i = j are independent.f i = 0 corresponds to the scenario in which there is no line-of-sight (LOS) path (Rayleigh fading), whilef i = 0 corresponds the scenario in which there is an LOS path (Rician fading). Thus, the matrices D, R and Q are given by
where δ ij is the Kronecker function.
A. SNR maximization under total power constraint
Please refer to §III for details. First, we consider a network consisting of N = 6 relays with channel parameters given bȳ 
B. SNR maximization under individual relay power constraints
Please refer to §IV for details. In [10] , the authors stated that, based on their simulations, the SDP relaxation always has a rank one solution. However, no analytic proof was provided for that claim.
However, although a rank one solution often occurs, for general R and Q the SDP relaxation does not necessarily have a rank one solution. This can be seen in the following examples, for which the SDP relaxation has a rank greater than one.
First, we consider a network consisting of N = 4 relays with
.73 − .75i
.084 + .57i −.88 − .31i 2 .20 − .14i
For simplicity, we let D 1 = I (defined in §IV-B3) and denote the SDP relaxation solution from CVX software by X ⋆ . The eigenvalues of X ⋆ are 0.0000, 0.0000, 0.2064, 1.8148.
Thus, X ⋆ has rank two rather than rank one and can be eigen-decomposed as 0.
where u 1 and u 2 are eigenvectors associated with the eigenvalues 0.2064 and 1.8148 respectively. We obtain the objective values of the problem of (40) for SDP relaxation, GRP from [10] , coordinate descent method from §IV-B2, and p-norm approximation from §IV-B3 (starting points: √ 1.8148 u 2 or some samples from CN (0, X ⋆ )) as, respectively: It can be seen that the objective values from GRP, coordinate descent method and p-norm approximation are close to each other (with a difference < 0.3%) and close to the SDP relaxation solution (with a difference < 2%). It can be seen that: although the GRP attains a close performance compared with the other two methods, it is time consuming in the sense that it needs much more time (processes 10 6
samples from CN (0, X ⋆ )). The augmented Lagrangian L(z; λ; µ) (defined in (65)) during the iteration is plotted in Fig. 6 . The objective value during the iteration for the coordinate descent method is plotted in Fig. 7 . It can be seen that for these two algorithms the iteration converges rapidly.
Second, we consider a network consisting of N = 6 relays with 
and 
The eigenvalues of X ⋆ are 0.0000, 0.0000, 0.0000, 0.0000, 0.8369, 2.3774.
where u 1 and u 2 are eigenvectors associated with the eigenvalues 0.8369 and 2.3774 respectively. We obtain the objective values of the problem of (40) for SDP relaxation, GRP, coordinate descent method, and but attains worse performance compared with the other two algorithms. The augmented Lagrangian L(z; λ; µ) (defined in (65)) during the iteration is plotted in Fig. 8 . The objective value during the iteration for the coordinate descent method is plotted in Fig. 9 . We can see that for these two algorithms the iteration converges rapidly.
VI. CONCLUSION
We have investigated the problem of cooperative beamforming under the assumption that the secondorder statistics of the channel state information (CSI) are available. Beamforming weights are determined so that the SNR at the destination is maximized subject to two kinds of power constraints. The first kind of power constraint is a constraint on the total power, i.e., source plus relay power. The second kind of power constraint is a constraint on each relay's transmit power. For uncorrelated Rayleigh fading scenario, we attained the exact solution. For generic fading scenario, we focused on the case in which the SDP relaxation does not produce a rank-one solution and proposed two methods to solve it. The numerical simulations suggest that the proposed methods are more effective than the method of [10] .
APPENDIX A PROOF OF LEMMA 1
Let (P • s , w • ) be the solution to the problem of (11) . We can show that
, and hence β > 1. It is easy to verify that (P • s , √ β w • ) satisfies the constraint but results in a larger objective value. This violates the optimality of (P • s , w • ). With this, the problem of (11) is equivalent to
It follows from the constraint in (76) that
By using (77), we rewrite the problem of (76) as
Note that the objective in (78) has the same value at w and β 1 w, ∀β 1 = 0, w = 0. Thus, the problem of (78) is equivalent to
Further, we rewrite
which enables us to write
With this, by using the fact that for C 1 ≻ 0 and
the problem of (79) is equivalent to the problem of (12) .
APPENDIX B PROOF OF LEMMA 2
Obviously, neither x = 0 nor x = 1 is the solution to the problem of (16) . Define the function
Let x ∈ (0, 1) and ∆x = 0 be an increment such that x + ∆x ∈ (0, 1). Using Taylor series expansion, we approximate
and 1
where ξ 1 and ξ 2 both lie between x and x + ∆x. From (83), (84) and (85), we get
Note that the third term in the right hand side of (86) 
it is not difficult to prove that
With these, we know that: if x ∈ (0, x l ] and ∆x < 0, then K(x + ∆x) ≻ K(x) and it follows from
). This completes the proof.
APPENDIX C PROOF OF THEOREM 1
If k 0 = 1, then 0 < t ⋆ <t 1 , and
Thus, F (t) = 0 in (38) leads to
The desired result can be obtained from the above equation.
If k 0 > 1, thent k0−1 < t ⋆ <t k0 , and
APPENDIX D PROOF OF LEMMA 3
Note that the constraints in (31) can be rewritten as
Note that the objective in (31) has a greater value at αw than that at w, ∀α > 1, w = 0. Thus, there exists j ∈ I such that ((P s D jj + σ 2 )/P j )w † J j w = 1, i.e., at least one constraint is active. With this, the constraints in (31) can be rewritten as
By using (94), we rewrite the problem of (31) as
Note that the objective in (95) has the same value at w and β 1 w, ∀β 1 = 0, w = 0. Thus, the problem of (95) is equivalent to
Similarly, the problem of (96) is equivalent to
Obviously, the problem of (97) is equivalent to the problem of (40). This completes the proof.
We have
APPENDIX F PROOF OF THEOREM 3
By using the Dinkelbach-type method [18] (cf. §IV-A), we introduce the function
Similarly to Property 1 in §IV-A, F (t) is a strictly decreasing function and the equation F (t) = 0 has a unique root t ⋆ . The optimal y ⋆ associated with F (t ⋆ ) is also the solution for the problem of (45) with the optimal objective value t ⋆ .
To obtain the expression of F (t), we denote y = |y|e iθ and write
The equality in (102) occurs when the argument of b 1 −tb 2 equals −θ (if b 1 −tb 2 = 0, then θ is arbitrary).
With this, we let r = |y| and write Further, it is easy to get:
1) When a 1 − ta 2 > 0, i.e., t < a 1 /a 2 , the optimal r is β (unique), and we wirte F (t) = (a 1 − ta 2 )β 2 + 2|b 1 − tb 2 |β + c 1 − tc 2 .
2) When a 1 − ta 2 < 0, i.e., t > a 1 /a 2 , the optimal r is given by (unique)
and we write: If t > a 1 /a 2 and |b 1 − tb 2 | ≥ (ta 2 − a 1 )β, then F (t) = (a 1 − ta 2 )β 2 + 2|b 1 − tb 2 |β + c 1 − tc 2 ;
If t > a 1 /a 2 and |b 1 − tb 2 | < (ta 2 − a 1 )β, then
3) When a 1 − ta 2 = 0, i.e., t = a 1 /a 2 , we know: If b 1 − tb 2 = 0 (i.e., b 1 /b 2 = a 1 /a 2 ), the optimal r is β (unique), and
If b 1 − tb 2 = 0 (i.e., b 1 /b 2 = a 1 /a 2 ), the optimal r is arbitrary in [0, β], and
Recall that F (t) is a strictly decreasing function and the equation F (t) = 0 has a unique root t ⋆ . Thus, one and only one of the equations (104), (106), (107), (108), (109) satisfies F (t ⋆ ) = 0.
Based on the analysis above, it is not difficult to obtain the desired result. and the right point is for the starting point x0 = xu; SNR = 10 dB; A total power constraint. 
